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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n^2+n+1$$\end{document}$ lines for some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n \in \mathbb {N}$$\end{document}$, called the *order* of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {PG}(2,q)$$\end{document}$ with *q* some prime power. Axiomatic projective planes have been intensively investigated, in particular several construction and classification results have been obtained about them. Some of these results have been obtained by means of computer computations, like the classifications of all projective planes of order 8, 9 and 10 \[[@CR15], [@CR18], [@CR19]\].

Besides classification results and constructions, also special sets of points in projective planes have been investigated. Certain of these sets have relationships with other mathematical areas, like coding theory, or certain geometries can be constructed from them, like partial geometries and generalized quadrangles. One of the substructures of finite projective planes that have been thoroughly investigated are the *hyperovals*. These are nonempty sets of points meeting each line in either 0 or 2 points, in which case it can be shown that the hyperoval has size $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {C}$$\end{document}$. The construction and classification problem of hyperovals in arbitrarily not necessarily Desarguesian projective planes has been intensively studied. Hyperovals also play a crucial role in the nonexistence proof for the projective plane of order 10 \[[@CR19]\]. Indeed this proof essentially relies on the fact that a plane of order 10 cannot have hyperovals \[[@CR20]\].

The concept of a hyperoval, namely a nonempty set of points meeting each line in either 0 or 2 points, can be defined for general point-line geometries. Two families of point-line geometries that have attracted attention here are the *generalized quadrangles (GQ's)* \[[@CR25]\] and the *polar spaces* \[[@CR2]\]. The standard examples of polar spaces are related to symplectic polarities, quadrics and Hermitian varieties in projective spaces \[[@CR16]\], but also every generalized quadrangle is an example of a polar space. A *generalized quadrangle of order* (*s*, *t*), or shortly a $\documentclass[12pt]{minimal}
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                \begin{document}$$t+1$$\end{document}$ lines.For every non-incident point-line pair (*x*, *L*), there exists a unique point *y* on *L* collinear with *x* (i.e. *y* is in some line together with *x*).

Hyperovals of polar spaces, in particular of GQ's, are not only interesting point sets. They are also related to other combinatorial structures in finite geometry. Hyperovals (or *local subspaces*) of polar spaces were first considered in \[[@CR1]\] because of their connection with so-called *locally polar spaces*. Hyperovals of GQ's have a number of additional applications. They naturally arise in the study of *extended generalized quadrangles* and play a fundamental role in their study, see \[[@CR3], [@CR21]--[@CR23]\]. Lower and upper bounds for the size of a hyperoval *H* in a $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {GQ}(s,t)$$\end{document}$ were obtained in \[[@CR3], Lemmas 3.9 and 3.11\] and \[[@CR14], Theorems 2.1 and 2.2\]. The size \|*H*\| is even and satisfies $\documentclass[12pt]{minimal}
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                \begin{document}$$\max (2(t+1),(t-s+2)(s+1)) \le |H| \le 2(st+1)$$\end{document}$.

In recent years, many construction and classification results for hyperovals in GQ's have been obtained. These regard theoretical constructions of infinite families \[[@CR4]--[@CR9], [@CR14], [@CR24]\], or computer backtrack searches as in \[[@CR22], [@CR23]\]. We will emphasise here on a number of techniques that can help in studying and classifying hyperovals, both from a theoretical as a computational point of view. Hyperovals are special cases of *even sets*, these are sets of points that meet each line in an even number of points. The intention is to discuss some tools for classifying hyperovals inside the family of all even sets. The complements of the even sets were coined *pseudo-hyperplanes* in \[[@CR11]\]. There exist close relationships between pseudo-hyperplanes and certain representations of the geometry in projective spaces, called *pseudo-embeddings*. Some of these relationships will be mentioned in Sect. [2](#Sec2){ref-type="sec"}. Via the connection with pseudo-embeddings, we show in Sect. [3](#Sec3){ref-type="sec"} that the family of hyperovals is related to certain ideals in polynomial rings and that Gröbner bases can sometimes help in their study and/or classification.

Pseudo-embeddings, Pseudo-hyperplanes and Even Sets {#Sec2}
===================================================
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We denote such a pseudo-embedding also by $\documentclass[12pt]{minimal}
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Pseudo-hyperplanes and hence also even sets are closely related to pseudo-embeddings as the following theorem shows.

Theorem 1 {#FPar1}
---------
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More background information about pseudo-embeddings, pseudo-hyperplanes and the above facts can be found in \[[@CR10]--[@CR13]\]. In \[[@CR11]\] it was also shown that all GQ's have pseudo-embeddings and hence also universal pseudo-embeddings.

Hyperovals of GQ's can often be computationally classified without implementing a backtrack algorithm. One way to achieve this goal is to determine all (isomorphism classes of) even sets, and subsequently to verify which even sets are also hyperplanes. The number of even sets can be determined in advance: it equals $\documentclass[12pt]{minimal}
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                \begin{document}$$2^k$$\end{document}$, with *k* the pseudo-embedding rank. As soon as a computer model of the geometry has been implemented along with its automorphism group (e.g. with GAP \[[@CR27]\]), it is easy to generate even sets, the size of the orbit to which a given even set belongs can readily be computed, and it can easily be verified whether two hyperovals are isomorphic. Based on these three principles, it is often easy to compute all isomorphism classes of even sets. This has been illustrated in the papers \[[@CR12], [@CR13]\]. We mention two reasons why it is so easy to generate even sets with a computer: An even set can be found as a set whose characteristic vector is $\documentclass[12pt]{minimal}
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The above method (as well as a backtrack search) has the disadvantage that it does not provide unified and explicit descriptions for the hyperovals. The method which we will discuss in the following section does have this potential. It is still based on the connection with even sets but it also takes into account a description of the universal pseudo-embedding.

Related Ideals in Polynomial Rings {#Sec3}
==================================

The material discussed in this section is new with exception of Theorem [4](#FPar6){ref-type="sec"}, which is taken from \[[@CR13], Corollary 1.3\]. We continue with the notation in Sect. [2](#Sec2){ref-type="sec"}. We suppose that $\documentclass[12pt]{minimal}
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Theorem 2 {#FPar2}
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Theorem 3 {#FPar3}
---------
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Proof {#FPar4}
-----
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Corollary 1 {#FPar5}
-----------
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Summary {#Sec4}
=======

We have discussed here three methods by which hyperovals can be computed: via the connection with even sets discussed at the end of Sect. [2](#Sec2){ref-type="sec"};by finding all $\documentclass[12pt]{minimal}
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For the example of hyperovals of *H*(3, 4), our implementation of the methods (1) and (2) had similar performances (± 1h40min, iMac, 2.7 GHz Intel Core i5-4570R processor). Methods (1) and (2) were already used in \[[@CR13]\] to show that *H*(3, 4) has 23 nonisomorphic hyperovals. The third method was almost three times faster. Note also that the three polynomials of $\documentclass[12pt]{minimal}
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Our main intention here was to discuss theoretical and computational techniques that are useful for classifying hyperovals of generalized quadrangles. These techniques suffice so far for classifying all hyperovals of all finite generalized quadrangles of order (*s*, *t*) with $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {GQ}(4,6)$$\end{document}$, *H*(4, 4) and *Q*(5, 4), these classifications have already appeared in the literature (below).

Our work on classifying hyperovals of generalized quadrangles is work in progress where on the one hand we try to obtain additional classification results (for larger GQ's) and on the other hand we try to obtain computer free uniform descriptions for all the hyperovals of a given GQ. As in \[[@CR13]\], the latter problem can involve that algebraic descriptions of the universal pseudo-embeddings need to be found.
